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MoMvaMons	  
•  Simple	  procedure	  for	  making	  the	  TFD	  state	  in	  
SYK.	  	  
•  Is	  there	  an	  operator	  to	  state	  mapping	  in	  1d	  
CFT’s	  ,	  or	  nearly-­‐CFTs	  
•  Can	  we	  see	  the	  consequences	  of	  conformal	  
symmetry	  in	  the	  spectrum	  ?	  
•  Can	  we	  understand	  	  nearly-­‐AdS2	  with	  a	  global	  
Mme	  translaMon	  isometry	  ?	  	  
Sachdev,	  Ye,	  Kitaev	  	  model	  (SYK)	  
H =
X
i1,··· ,i4
Ji1i2i3i4 i1 i2 i3 i4
random	  couplings	  
{ i, j} =  ij N	  Majorana	  fermions	  	  	  	  
Quantum	  mechanical	  model,	  only	  Mme.	  	  
N	  large,	  	  strong	  coupling	  	  1	  <<	  (Mme)	  J	  <<	  N	  	  	  (sMll	  exponenMally	  many	  energy	  levels)	  
hJ2i1i2i3i4i = J2/N3 J	  =	  single	  dimension	  one	  coupling.	  	  
 
Hq = Ji1···iq 
i1 · · · iq 
Two	  copies	  of	  SYK	  	  	  +	  	  InteracMon	  
We	  typically	  want	  	  μ/J	  	  <<	  1	  .	  	  
	  
We	  have	  a	  relevant	  deformaMon.	  	  
	  
We	  expect	  to	  ﬂow	  to	  gapped	  system.	  Indeed	  that	  is	  what	  happens.	  	  
	  
The	  point	  will	  be	  to	  study	  properMes	  of	  this	  gapped	  deformaMon.	  	  
	  
	  We	  will	  see	  that	  its	  properMes	  are	  largely	  determined	  by	  the	  nearly	  conformal	  	  
	  symmetry	  of	  the	  SYK	  model.	  	  
	  
	  We	  will	  also	  argue	  that	  the	  ground	  state	  of	  the	  model	  is	  close	  to	  the	  TFD	  state.	  
|TFDi =
X
n
e  En/2|E¯niL|EniR
H = HL +HR + µ
X
i
 iL 
i
R
@t1GLL   ⌃LL ⇤GLL   ⌃LR ⇤GRL =  (t12)
@t1GLR   ⌃LL ⇤GLR   ⌃LR ⇤GRR = 0
⌃LL(t1, t2) = J
2[GLL(t1, t2)]
q 1 ,
⌃LR(t1, t2) = µ (t12) + J
2[GLR(t1, t2)]
q 1
@t1G  ⌃ ⇤G =  (t12)
⌃(t1, t2) = J
2[G(t1, t2)]
q 1 For	  usual	  SYK	  
Two	  coupled	  
SYK	  systems	  
Leading	  order	  equaMons	  
Solving	  the	  equaMons	  
•  At	  low	  energies	  
•  Numerically	  
•  AnalyMcally	  in	  the	  large	  q	  regime	  
We	  will	  now	  describe	  these	  three	  approaches	  
Solving	  the	  equaMon	  using	  the	  low	  
energy	  acMon	  
@t1GLL   ⌃LL ⇤GLL   ⌃LR ⇤GRL =  (t12)
@t1GLR   ⌃LL ⇤GLR   ⌃LR ⇤GRR = 0
⌃LL(t1, t2) = J
2[GLL(t1, t2)]
q 1 ,
⌃LR(t1, t2) = µ (t12) + J
2[GLR(t1, t2)]
q 1X	  
Same	  as	  the	  equaMons	  for	  two	  decoupled	  SYK	  models.	  	  
	  
Guess	  a	  soluMon	  =	  TFD	  state	  
H = HL +HR + µ
Z
du
X
i
 iL(u) 
i
R(u)
Make	  correlaMons	  large	  
1
N
⌧ µ
J
⌧ 1
x	  
Thermoﬁeld	  double	  
Space	  of	  
G’s	   G = Gf =

f 0(t1)f 0(t2)
(f(t1)  f(t2))2
  
Forget	  about	  the	  degrees	  of	  freedom	  orthogonal	  to	  the	  valley	  and	  	  
evaluate	  the	  interacMon	  term	  along	  the	  valley	  	  	  
The	  low	  acMon	  valley	  
µ
X
i
 iL 
i
R ! Nµ
Z
Gf (t, t)  ! Nµ
"
t0L(u)t
0
R(u)
cos2 tL(u) tR(u)2
# 
potenMal	  
x	  
Why	  the	  tangent	  ?	  
We	  could	  have	  chosen	  the	  original	  f	  ,	  but	  the	  soluMon	  would	  be	  more	  complicated.	  	  
We	  will	  understand	  later	  why	  this	  was	  a	  good	  guess.	  	  
	  	  
	  	  	  
tl(u) = tr(u) = t
0 u , t0 = constant
This	  is	  a	  soluMon	  for	  any	  t’	  	  .	  	  
We	  also	  need	  to	  require	  invariance	  under	  the	  SL(2)	  transformaMons	  transforming	  t.	  	  
These	  are	  gauge	  symmetries.	  	  
	  
Imposing	  invariance	  under	  t	  translaMons	  	  
The	  eﬀecMve	  acMon	  along	  the	  valley	  
↵st0
J =
µ
J
✓
t0
J
◆2  1
 !
✓
t0
J
◆2 2 
⇠ µJ
If	  μ	  is	  small	  !	  t’	  is	  small,	  jusMfying	  the	  approximaMon.	  Note	  that	  Δ	  <	  ½	  	  in	  SYK.	  	  	  
We	  can	  compute	  the	  energy.	  	  
	  
	  
	  
	  
	  
	  
	  
	  It	  is	  lower	  than	  the	  ``ground	  state”	  energy	  of	  the	  decoupled	  	  SYK	  models.	  	  
E /  N ↵st
02
J (
1
 
  1)
for 0 <   <
1
2
, µ⌧ t0 ⌧ J
We	  can	  obtain	  the	  same	  equaMon	  by	  the	  following	  variaMonal	  method.	  We	  	  
consider	  a	  TFD	  at	  temperature	  β	  and	  evaluate	  the	  vacuum	  expectaMon	  value	  	  
of	  the	  full	  Hamiltonian	  and	  then	  minimize	  with	  respect	  to	  β.	  	  
t0 =
2⇡
 
This	  quanMty	  gives	  us	  the	  relaMon	  between	  the	  boundary	  Mme	  u	  and	  the	  	  
	  infrared	  Mme	  t.	  	  
	  
Aier	  discussing	  the	  AdS2	  	  picture	  we	  will	  remark	  more	  on	  the	  physical	  meaning	  of	  t.	  	  
	  
	  For	  now	  let	  us	  just	  say	  that	  the	  energies	  are	  dimensionless,	  order	  one	  numbers	  when	  	  
	  we	  measure	  them	  with	  respect	  to	  t.	  TranslaMng	  them	  to	  energies	  measured	  with	  	  
	  respect	  to	  boundary	  Mme,	  u,	  they	  get	  their	  overall	  scale	  from	  t’.	  	  
AdS2	  Interlude	  
AdS2	  	  	  -­‐	  Global	  coordinates	  
 
-­‐  SL(2,R)	  isometries	  
-­‐  Two	  boundaries	  	  
-­‐  Causally	  connected	  
-­‐  ParMcle	  dynamics	  !	  oscillatory	  behavior	  !	  
gapped	  spectrum	  
-­‐  Global	  coordinates	  	  
ds2 =
 dt2 + d 2
(sin )2
t
AdS2	  	  	  :	  A	  traversable	  wormhole	  
 
-­‐  SL(2,R)	  isometries	  
-­‐  Two	  boundaries	  	  
-­‐  Causally	  connected	  
-­‐  ParMcle	  dynamics	  !	  oscillatory	  behavior	  !	  
gapped	  spectrum	  
-­‐  Global	  coordinates	  	  
t
ds2 =
 dt2 + d 2
(sin )2
AdS2	  	  -­‐	  	  thermal	  (Rindler)	  coordinates	  
-­‐  Two	  boundaries	  	  
-­‐  Cover	  only	  a	  porMon	  of	  AdS2	  
-­‐  Causally	  disconnected	  	  
t⇢
	  	  	  	  	  	  	  	  	  	  	  	  are	  conjugate	  to	  two	  diﬀerent	  elements	  
	  of	  the	  SL(2,R)	  isometries	  of	  AdS2	  
Non-­‐traversable	  wormhole	  
ds2 =  dt2R sinh2 ⇢+ d⇢2
R	  
t, tR
AdS2	  vs	  NAdS2	  asymptoMc	  boundary	  
condiMons	  
•  Exact	  AdS2	  boundary	  condiMons	  do	  not	  make	  
sense	  
•  Need	  to	  break	  some	  of	  the	  AdS2	  isometries	  
slightly	  
•  We	  should	  think	  about	  nearly-­‐AdS2	  	  
•  Nearly	  AdS2	  with	  	  tR-­‐isometry	  !	  TFD	  of	  Nearly	  
CFT1	  
•  Nearly	  AdS2	  with	  t-­‐isometry	  !	  What	  we	  are	  
discussing	  here.	  	  
JM,	  Michelson,	  Strominger	  
Almheiri	  Polchinski	  
First	  recall	  some	  facts	  about	  nearly	  
AdS2	  boundary	  condiMons…	  
N-­‐AdS2	  
 0 +   = Area
horizon	  
Nearly	  AdS2	  gravity	  
Keep	  the	  leading	  eﬀects	  that	  perturb	  away	  from	  
AdS2	  	   Teitelboim	  Jackiw	  
	  	  	  Almheiri	  Polchinski	  
Ground	  state	  entropy	  Comes	  	  from	  the	  area	  of	  the	  
	  addiMonal	  dimensions.	  
Z
d2x
p
g (R+ 2) +  0
Z
d2x
p
gR
No	  bulk	  excitaMons	  !	  only	  “boundary	  gravitons”	  !	  locaMon	  of	  the	  physical	  boundary	  in	  AdS2	  
	  Exactly	  the	  same	  acMon	  as	  the	  Schwarzian.	  	  
GravitaMonal	  dynamics	  
AdS2	  
(HfL ⇥Hbulk ⇥HfR)/SL(2, R)
fL fR
Z
 (R+ 2)
Rigid	  AdS2	  
	  
Physical	  boundary	  given	  by	  dilaton	  
	  
Dynamics	  is	  in	  the	  posiMon	  of	  the	  	  
boundary.	  	  =	  Schwazian	  acMon	  
	  
Boundary	  graviton:	  encodes	  the	  moMon	  
of	  the	  boundary.	  	  
	  	  
(HfL ⇥Hbulk ⇥HfR)/SL(2, R)
In	  the	  SYK	  case	  we	  have	  something	  similar	  	  
ExcitaMons	  in	  the	  direcMons	  normal	  to	  the	  “valley”	  
Described	  by	  conformal	  invariant	  methods.	  	  
The	  interacMon	  between	  the	  two	  
boundaries	  
•  Nearly-­‐AdS2	  gravity	  
•  Plus	  maoer	  
•  Plus	  boundary	  condiMons	  connecMng	  the	  two	  
sides	  	  	  	  (as	  in	  Gao-­‐Jaﬀeris-­‐Wall)	  
•  This	  generates	  negaMve	  null	  energy	  and	  allows	  
for	  a	  soluMon	  with	  the	  global	  Mme	  isometry,	  
where	  	  	  	  	  	  grows	  towards	  both	  boundaries	  
u 	  is	  proper	  length	  along	  the	  boundary,	  or	  boundary	  Mme.	  	  
 
Sint = µ
Z
du L(u) R(u)
AdS2	  	  gravity	  +	  	  
	  
	  InteracMon	  
S =
N↵S
J
Z
du{fL(u), u}+ {fR(u), u}+Nµ
Z
du

f 0L(u)f
0
R(u)
|fL(u)  fR(u)|2
  
+	  Global	  SL(2,R)	  gauge	  symmetry	  !	  set	  total	  SL(2,R)	  charge	  to	  zero.	  	  
AdS2	  
fL fR
f(u) = tan
✓
t(u)
2
◆
•  The	  SYK	  model	  has	  some	  properMes	  in	  
common	  with	  nearly	  AdS2	  gravity.	  	  
•  It	  has	  the	  same	  gravitaMonal	  dynamics.	  	  
•  This	  dynamics	  is	  expected	  to	  be	  universal	  for	  
any	  system	  with	  an	  almost	  conformal	  
symmetry	  in	  the	  IR	  (which	  is	  not	  integrable).	  	  
SYK	  
model	  
Emergent	  reparametrizaMon	  symmetry	  
	  which	  is	  spontaneously	  and	  explicitly	  broken	  
S =  C
Z
du{f(u), u} Schwarzian	  acMon	  
-­‐	  Low	  temperature	  entropy	  
-­‐	  GravitaMonal	  backreacMon	  
-­‐	  Chaos	  exponent	  
-­‐	  	  Wormhole	  	  construcMons	  	  	  
	  	  
Nearly	  AdS2	  	  
gravity	  
	  Low	  energies	  
	  Conformal	  invariant	  part	  +	  reparametrizaMons	   	  QFT	  on	  AdS2	  +	  boundary	  dynamics	  
Not	  the	  same	  
	  	  
same	  
Kitaev	  	  
JM,	  Stanford	  
Zhang,	  Suh	  
Boundary	  gravitons	  
Nearly	  AdS2	  
 
	  Casimir	  force	  due	  to	  the	  boundary	  condiMons	  
	  connecMng	  the	  lei	  and	  right	  sides	  !	  aoracMve	  	  
	  force	  between	  the	  two	  boundaries.	  	  
-­‐	  
-­‐	  
-­‐	  
-­‐	  
-­‐	  t
Nearly	  AdS2	  
 
	  	  Small	  oscillaMons	  around	  equilibrium	  posiMon.	  	  
t
Nearly	  AdS2	  
 
	  	  Adding	  maoer.	  	  
Maoer	  leads	  to	  a	  conformal	  spectrum	  to	  leading	  	  
	  order.	  	  
t
Field	  in	  AdS2	  corresponding	  to	  a	  boundary	  operator	  of	  	  dimension	  Δ	  	  !	  	  
	  	  
Schwarzian,	  or	  dynamical	  boundary	  degree	  of	  freedom,	  (boundary	  graviton)	  !	  	  	  
	  For	  small	  perturbaMons:	  one	  harmonic	  oscillator	  with	  energy	  	  
Stable	  equilibrium	  
	  
Same	  energy	  scale	  as	  the	  parMcles	  inside	  
Spectrum	  governed	  by	  conformal	  symmetry	  
	  (like	  in	  higher	  dimensional	  global	  AdS)	  
This	  part	  is	  not	  conformal	  invariant.	  	  	  
Recall	  the	  soluMon	  	  
✓
t0
J
◆2 2 
⇠ µJ Same	  here	  from	  AdS	  
E = Eu = t
0( + n)
E = t0
p
2(1  )(n+ 1
2
)
Universal	  Spectrum	  
In	  SYK	  we	  can	  also	  solve	  the	  theory	  
beyond	  the	  low	  energy	  limit.	  	  
Methods	  to	  analyze	  the	  equaMons	  
•  Numerical	  
•  Large	  q	  approximaMon	  !	  analyMc	  soluMon.	  	  
•  We	  can	  now	  solve	  the	  equaMons	  not	  limited	  
to	  the	  small	  	  	  	  	  	  	  approximaMon.	  	  
•  It	  is	  also	  interesMng	  to	  study	  the	  ﬁnite	  
temperature	  situaMon.	  	  	  
µ
J
Finite	  temperature	  and	  Hawking	  Page	  
phase	  transiMon.	  	  
•  Two	  possible	  ﬁnite	  temperature	  
conﬁguraMons	  in	  Euclidean	  space	  
 
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Finite	  temperature	  and	  Hawking	  Page	  
phase	  transiMon.	  	  
 
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Low	  temperature	  
High	  temperature	  
•  Both	  phases	  can	  be	  described	  using	  the	  
conformal	  approximaMon	  +	  Schwarzian	  
correcMon,	  or	  as	  nearly	  AdS2	  gravity	  
conﬁguraMons	  plus	  further	  small	  correcMons.	  	  
•  Phase	  transiMon	  happens	  when	  both	  
approximaMons	  are	  valid.	  	  
•  But	  the	  underlying	  conformal	  soluMons	  really	  
diﬀerent	  conﬁguraMons.	  	  The	  SL(2,R)	  gauge	  
symmetries	  act	  diﬀerently.	  	  
F	  
T	  Tc	  
•  At	  large	  q,	  analyMcally	  one	  can	  ﬁnd	  
•  In	  the	  cannonical	  ensemble:	  1st	  order	  phase	  
transiMon	  	  (like	  Hawking-­‐Page).	  	  
•  In	  the	  microcannonical	  ensemble	  !	  conMnuous	  
behavior.	  	  
•  ConMnuous	  connecMon	  between	  the	  phase	  with	  
no	  black	  holes	  and	  the	  one	  with	  a	  ``small	  black	  
hole’’	  
F	  
T	  T
c	  
	  two	  	  black	  holes	  empty	  AdS	  
J=1	  
Numerical	  Analysis	  
Making	  the	  TFD	  	  
•  Create	  two	  SYK	  systems.	  	  
•  Couple	  term.	  	  
•  Couple	  them	  further	  to	  a	  heat	  sink	  and	  let	  them	  cool	  down	  
to	  ﬁnd	  its	  ground	  state.	  
•  At	  t=0,	  turn	  oﬀ	  the	  lei-­‐right	  coupling.	  	  
•  !	  Get	  a	  state	  that	  is	  close	  to	  the	  TFD.	  	  
T=0,	  we	  turn	  oﬀ	  the	  coupling	  
µ 6= 0
µ = 0
µ = 0
µ 6= 0
TFD	  
Ground	  state	  of	  	  
coupled	  system	  
Maoer	  oscillaMons	  
T
 
	  	  Bulk	  maoer	  parMcle	  !	  OscillaMons	  !	  	  
	  excitaMon	  goes	  from	  mostly	  	  from	  	  
	  the	  lei	  SYK	  to	  mostly	  on	  the	  right	  SYK.	  
	  	  
	  Governed	  by	  conformal	  symmetry.	  	  	  
	  	  
CorrelaMon	  FuncMons	  
 
t
OL
OR
OR They	  are	  singular	  when	  the	  Mmes	  	  
	  can	  be	  joined	  by	  a	  light	  ray	  in	  the	  bulk	  
	  
The	  singularity	  is	  removed	  by	  two	  eﬀects.	  	  
	  
	  a)	  the	  UV	  deformaMon	  away	  from	  the	  conformal	  	  
	  	  	  	  	  	  limit.	  	  
	  
b)	  BackreacMon	  !	  Inclusion	  of	  the	  boundary	  	  
	  	  	  	  dynamics.	  	  
	  
Both	  for	  AdS2	  	  and	  SYK	  models.	  OscillaMons	  back	  	  
	  and	  forth	  between	  the	  lei	  and	  right	  systems.	  	  
	  
State/operator	  mapping	  
2d	  CFT	  	  
“radial”	  quanMzaMon	  !	  operators	  on	  plane	  
	  to	  sates	  on	  the	  circle	  x	  Mme.	  	  
1d	  nearly	  CFT	  
Naïve:	  	  
Operators	  	  !	  states	  in	  two	  decoupled	  copies	  
	  
By	  introducing	  the	  small	  coupling,	  we	  can	  	  
	  study	  the	  spectroscopy	  of	  these	  states	  	  
	  in	  detail.	  	  
AddiMonal	  comment	  
•  Even	  if	  the	  lei	  and	  right	  couplings	  are	  diﬀerent,	  
we	  sMll	  get	  a	  soluMon	  which	  looks	  connected.	  	  
•  The	  energy	  gap	  becomes	  smaller	  if	  the	  couplings	  
are	  diﬀerent.	  	  It	  decreases	  as	  the	  couplings	  get	  
less	  correlated.	  	  
•  We	  do	  not	  need	  perfect	  matchings	  of	  energies	  to	  
build	  a	  state	  that	  is	  close	  to	  the	  TFD	  double,	  or	  
that	  behaves	  as	  if	  the	  gravity	  dual	  was	  
connected.	  	  |TFDi =
X
n
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Conclusions	  
•  We	  can	  analyze	  two	  coupled	  SYK	  models	  
•  They	  have	  a	  ground	  state	  close	  to	  the	  TFD	  and	  
properMes	  determined	  by	  the	  nearly	  conformal	  
symmetry.	  	  
•  A	  similar	  problem	  in	  nearly-­‐AdS2	  gravity	  leads	  to	  
traversable	  wormholes.	  	  
•  Discussed	  thermal	  aspects	  and	  the	  phase	  
transiMon.	  	  
•  Realized	  a	  state	  close	  to	  the	  TFD	  as	  the	  ground	  
state	  of	  the	  coupled	  system.	  	  
